AP® Calculus BC 2022 Free-Response Questions

1. From 5 AM. to 10 A.M., the rate at which vehicles arrive at a certain toll plaza is given by
A(r) = 450,/ sin(0.62¢) , where ¢ is the number of hours after 5 A.M. and A(7) is measured in vehicles per hour.

Traffic is flowing smoothly at 5 A.M. with no vehicles waiting in line.

(a) Write, but do not evaluate, an integral expression that gives the total number of vehicles that arrive at the
toll plaza from 6 AM. (f = 1) to 10 AM. (z = 5).

(b) Find the average value of the rate, in vehicles per hour, at which vehicles arrive at the toll plaza from
6 AM.t=11t010 AM. (t=5).

(c) Is the rate at which vehicles arrive at the toll plaza at 6 AM. (f = 1) increasing or decreasing? Give a reason
for your answer.

(d) A line forms whenever A(¢) = 400. The number of vehicles in line at time ¢, for a < 1 < 4, is given by
t
N(1) = J- (A(x) — 400) dx, where a is the time when a line first begins to form. To the nearest whole
a
number, find the greatest number of vehicles in line at the toll plaza in the time interval a < ¢ < 4. Justify

your anSwer.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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2. A particle moving along a curve in the xy-plane is at position (x(¢), y(¢)) at time ¢ > 0. The particle moves in
dx _ 2 dy _ 2 . . .
such a way that o 1+1¢" and o In(2 + ¢ ). At time 7 = 4, the particle is at the point (1, 5).

(a) Find the slope of the line tangent to the path of the particle at time 7 = 4.
(b) Find the speed of the particle at time ¢ = 4, and find the acceleration vector of the particle at time ¢ = 4.
(c) Find the y-coordinate of the particle’s position at time ¢ = 6.

(d) Find the total distance the particle travels along the curve from time ¢ = 4 to time 7 = 6.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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AP® Calculus AB/BC 2022 Scoring Guidelines

Part A (AB or BC): Graphing calculator required
Question 1 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

From 5 A.M. to 10 A.M., the rate at which vehicles arrive at a certain toll plaza is given by
A(t) = 4504/sin(0.62¢), where ¢ is the number of hours after 5 A.M. and A(¢) is measured in vehicles

per hour. Traffic is flowing smoothly at 5 A.M. with no vehicles waiting in line.

Model Solution Scoring

(a) Write, but do not evaluate, an integral expression that gives the total number of vehicles that arrive at the
toll plaza from 6 AM. (£ =1)to 10 AM. (¢ =5).

The total number of vehicles that arrive at the toll plaza from Answer 1 point

5
6 AM. to 10 A.M. is given by L A(t) dt.

Scoring notes:

e The response must be a definite integral with correct lower and upper limits to earn this point.

e Because |A(t)| = A(¢) for 1 < ¢ <5, aresponse of 5450 sin(0.62¢) | dt or SAt dt earns the
[4()| = 4() ponse of | |

point.
e A response missing df or using dx is eligible to earn the point.

e A response with a copy error in the expression for A4(¢) will earn the point only in the presence of

LSA(t) dt.

Total for part (a) 1 point
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(b) Find the average value of the rate, in vehicles per hour, at which vehicles arrive at the toll plaza from
6AM. (t=1)to 10 AM. (£t =5).

Uses average value 1 point
formula:

1 b
A L A(t) dt

5
Average = ﬁ [ 4() ar = 375536966

The average rate at which vehicles arrive at the toll plaza from
6 AM. to 10 AM. is 375.537 (or 375.536) vehicles per hour. Answer 1 point

Scoring notes:

e The use of the average value formula, indicating that @ =1 and b = 5, can be presented in single or
multiple steps to earn the first point. For example, the following response earns both points:

5
L A(t) dt =1502.147865, so the average value is 375.536966.

e A response that presents a correct integral along with the correct average value, but provides
incorrect or incomplete communication, earns 1 out of 2 points. For example, the following response

5
earns 1 out of 2 points: L A(t) dt =1502.147865 = 375.536966.

e The answer must be correct to three decimal places. For example,

5
ﬁjl A(t) dt = 375.536966 ~ 376 earns only the first point.
e Degree mode: A response that presents answers obtained by using a calculator in degree mode
does not earn the first point it would have otherwise earned. The response is generally eligible

for all subsequent points (unless no answer is possible in degree mode or the question is made

5
simpler by using degree mode). In degree mode, %L A(t) dt = 79.416068.

5
e Special case: %J.l A(t) dt = 300.429573 earns 1 out of 2 points.

Total for part (b) 2 points
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Scoring notes:

e Itis not necessary to indicate that A(z) = 400 to earn the first point, although this statement alone
would earn the first point.

e Aresponse of “ A(t) > 400 when 1.469372 < ¢ < 3.597713” will earn the first 2 points. A response
of “ A(t) > 400 along with the presence of exactly one of the two numbers above will earn the
first point, but not the second. A response of “ A(¢) > 400 by itself will not earn either of the first
2 points.

e To earn the second point the values for @ and » must be accurate to the number of decimals
presented, with at least one and up to three decimal places. These may appear only in a candidates
table, as limits of integration, or on a number line.

e A response with incorrect notation involving ¢ or x is eligible to earn all 4 points.
e A response that does not earn the first point is still eligible for the remaining 3 points.
e To earn the third point, a response must present the greatest number of vehicles. This point is earned

for answers of either 71 or 71.254##*%* only.

e A correct justification earns the fourth point, even if the third point is not earned because of a
decimal presentation error.
e When using a Candidates Test, the response must include the values for N(a), N(b), and N(4) to

earn the fourth point. These values must be correct to the number of decimals presented, with up to
three decimal places. (Correctly rounded integer values are acceptable.)

e Alternate solution for the third and fourth points:
For a <t < b, A(t) > 400. For b <t < 4, A(t) < 400.
Thus, N(¢) = J‘I(A(x) —400) dx is greatest at ¢ = b.
a

N(b) = 71.254129, and the greatest number of vehicles in line is 71.

e Degree mode: The response is only eligible to earn the first point because in degree mode
A(t) < 400.

Total for part (d) 4 points

Total for question 1 9 points
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(b)

Find the x-coordinates of all points of inflection of the graph of f for 0 < x < 7. Justify your answer.

The graph of f has a point of inflection at each of x = 2 and Answer 1 point
x = 6, because f'(x) changes from decreasing to increasing at Justification 1 point

x = 2 and from increasing to decreasing at x = 6.

Scoring notes:

e A response that gives only one of x = 2 or x = 6, along with a correct justification, earns 1 of the
2 points.

e A response that claims that there is a point of inflection at any value other than x =2 or x = 6
earns neither point.

e To earn the second point a response must use correct reasoning based on the graph of f’. Examples

of correct reasoning include:

o Correctly discussing the signs of the slopes of the graph of f’
o Citing x =2 and x = 6 as the locations of local extrema on the graph of 1’
e Examples of reasoning not (sufficiently) connected to the graph of /" include:

o Reasoning based on sign changes in f' unless the connection is made between the sign of f"

and the slopes of the graph of 1’
o Reasoning based only on the concavity of the graph of f

e The second point cannot be earned by use of vague or undefined terms such as “it” or “the function”
or “the derivative.”

e Responses that report inflection points as ordered pairs must report the points (2,3 + z) and (6, 5)
in order to earn the first point. If the y -coordinates are reported incorrectly, the response remains

eligible for the second point.

Total for part (b) 2 points

(©)

Let g be the function defined by g(x) = f(x) — x. On what intervals, if any, is g decreasing for

0 < x £ 7? Show the analysis that leads to your answer.

g'(x)=f(x)-1 g'(x)=f"(x)-1 1 point

f(x)-1<0 = f'(x)<1 Interval with reason 1 point

The graph of g is decreasing on the interval 0 < x < 5 because

g'(x) £ 0 on this interval.

Scoring notes:

e The first point can be earned for f'(x) <1 or the equivalent, in words or symbols.

e Endpoints do not need to be included in the interval to be eligible for the second point.

Total for part (c) 2 points
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(b)

Is there a time #, 0 < ¢ < 3, for which #'(¢) = —6 ? Justify your answer.

r(t) is twice-differentiable. = 7'(¢) is differentiable. r'(0) < -6 < ¥'(3) 1 point
= r'(t) is continuous. Conclusion using 1 point
Intermediate Value

r'(0) = -6.1 < -6 < =5.0 = ¥(3) Theorem

Therefore, by the Intermediate Value Theorem, there is a time ¢,

0 < ¢ < 3, such that r'(¢) = —6.

Scoring notes:

e To earn the first point, the response must establish that —6 is between '(0) and '(3) (or —6.1
and —5). This statement may be represented symbolically (with or without including one or both
endpoints in an inequality) or verbally. A response of “7'(¢) = —6 because '(0) = —6.1 and
r'(3) = =57 does not state that —6 is between —6.1 and —5. Thus this response does not earn the
first point.

e To earn the second point:

o The response must state that 7'(¢) is continuous because '(¢) is differentiable (or because r(t)
is twice differentiable).
o The response must have earned the first point.
»  Exception: A response of “7'(¢) = —6 because '(0) = —6.1 and '(3) = -5 does not earn

the first point because of imprecise communication but may nonetheless earn the second
point if all other criteria for the second point are met.

o The response must conclude that there is a time ¢ such that 7'(¢) = —6. (A statement of “yes”
would be sufficient.)

e To earn the second point, the response need not explicitly name the Intermediate Value Theorem,
but if a theorem is named, it must be correct.

Total for part (b) 2 points
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(¢) Use aright Riemann sum with the four subintervals indicated in the table to approximate the value of

j(;zr'(t) dt.

12, o . , , Form of right 1 point
jo F(t) dt = 3¢ (3) + 47 (7) + 3r(10) + 2(12) e ® 8
=3(-5.0) + 4(—4.4) + 3(-3.8) + 2(-3.5) Answer 1 point
= 51

Scoring notes:

e To earn the first point, at least seven of the eight factors in the Riemann sum must be correct. If
there is any error in the Riemann sum, the response does not earn the second point.

e Aresponse of 3(-5.0) + 4(—4.4) + 3(-3.8) + 2(-3.5) earns both the first and second points, unless

there is a subsequent error in simplification, in which case the response would earn only the first
point.

e A response that presents the correct answer, with accompanying work that shows the four products
in the Riemann sum (without explicitly showing all of the factors and/or the sum process) does not
earn the first point but earns the second point. For example, —15 + 4(—4.4) + 3(-3.8) + =7 does not

earn the first point but earns the second point. Similarly, —15, —17.6, —11.4, —7 — —51 does not
earn the first point but earns the second point.

e A response that presents the correct answer (—51) with no supporting work earns no points.

12
e A response that provides a completely correct left Riemann sum and approximation .[0 r'(t) dt
(i.e., 37'(0) + 4r'(3) + 3r'(7) + 2r'(10) = 3(—6.1) + 4(-5.0) + 3(—4.4) + 2(-3.8) = —59.1) earns
12
1 of the 2 points. A response that has any error in a left Riemann sum or evaluation for J-o r'(t) dt

earns no points.
e Units are not required or read in this part.

Total for part (c) 2 points
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