AP® Calculus BC 2022 Free-Response Questions

t
(days)

r'(1)

(centimeters per day)

—6.1|-50|—-44|-38|-35

4. An ice sculpture melts in such a way that it can be modeled as a cone that maintains a conical shape as it
decreases in size. The radius of the base of the cone is given by a twice-differentiable function r, where r(¢) is
measured in centimeters and ¢ is measured in days. The table above gives selected values of r’(¢), the rate of
change of the radius, over the time interval 0 < ¢ < 12.

(a) Approximate r”(8.5) using the average rate of change of r” over the interval 7 < ¢ < 10. Show the

computations that lead to your answer, and indicate units of measure.

(b) Is there a time ¢, 0 < ¢ < 3, for which r’(¢) = —6 ? Justify your answer.

(c) Use aright Riemann sum with the four subintervals indicated in the table to approximate the value of

Ilz r'(t) dt.

0

(d) The height of the cone decreases at a rate of 2 centimeters per day. At time ¢t = 3 days, the radius is
100 centimeters and the height is 50 centimeters. Find the rate of change of the volume of the cone with
respect to time, in cubic centimeters per day, at time ¢ = 3 days. (The volume V of a cone with radius r

1
and height & is V = = 7rh.)

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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Figure 1 Figure 2

1
5. Figures 1 and 2, shown above, illustrate regions in the first quadrant associated with the graphs of y = — and
X

1 1
y = —, respectively. In Figure 1, let R be the region bounded by the graph of y = —, the x-axis, and the
X X

1
vertical lines x = 1 and x = 5. In Figure 2, let W be the unbounded region between the graph of y = — and
X

the x-axis that lies to the right of the vertical line x = 3.

(a) Find the area of region R.

(b) Region R is the base of a solid. For the solid, at each x the cross section perpendicular to the x-axis is a

rectangle with area given by xe* /5. Find the volume of the solid.

(c) Find the volume of the solid generated when the unbounded region W is revolved about the x-axis.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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Part B (AB or BC): Graphing calculator not allowed
Question 4 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

t
0 3 7 10 12
(days)
r'(1)
, -6.1|-50|-44|-38|-35
(centimeters per day)

An ice sculpture melts in such a way that it can be modeled as a cone that maintains a conical shape as it
decreases in size. The radius of the base of the cone is given by a twice-differentiable function », where r(¢)

is measured in centimeters and ¢ is measured in days. The table above gives selected values of #'(¢), the rate

of change of the radius, over the time interval 0 <7 < 12.

Model Solution Scoring

(a) Approximate r"(8.5) using the average rate of change of »' over the interval 7 < ¢ < 10. Show the

computations that lead to your answer, and indicate units of measure.

r(8.5) ~ P00 =) _ 38 (~44) r"(8.5) with 1 point
| 10-7 10-7 supporting work
0.6 Units 1 point

=3 = 0.2 centimeter per day per day
Scoring notes:
e To earn the first point the supporting work must include at least a difference and a quotient.

e Simplification is not required to earn the first point. If the numerical value is simplified, it must be
correct.

e The second point can be earned with an incorrect approximation for »'(8.5) but cannot be earned

without some value for »"(8.5) presented.

e Units may be written in any equivalent form (such as cm / day2 ).

Total for part (a) 2 points
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(@

The height of the cone decreases at a rate of 2 centimeters per day. At time ¢ = 3 days, the radius is
100 centimeters and the height is 50 centimeters. Find the rate of change of the volume of the cone with
respect to time, in cubic centimeters per day, at time ¢ = 3 days. (The volume V' of a cone with radius

r and height 4 is V' = l72'1’2h.)

3
cz_lt/ _ % rh % N %”rz % Product rule 1 point
Chain rule 1 point
cz'i_ft/ _ %72’(100)(50)(—5) + %ﬂ'(lOO)Z(—2) _ _70,03007: Answer 1 point
=3

The rate of change of the volume of the sculpture at # = 3 is

70,0007

approximately — 3

cubic centimeters per day.

Scoring notes:
e The first 2 points could be earned in either order.

e A response with a completely correct product rule, missing one or both of the correct differentials,

earns the product rule point, but not the chain rule point. For example av _ 27: h + l7rr2 earns

dr 373
the first point, but not the second.

e A response that treats » or /4 (but not both) as a constant is eligible for the chain rule point but not

the product rule point. For example, ci,—lt/ = %mfh% is correct if / is constant, and thus earns the

chain rule point.

v _2 dh av _2 . drdh ~
e Note: Neither g =37 ot =37 rh Jf gp cms any points.

e A response that assumes a functional relationship between » and /4 (such as » = 24 ), and uses this
relationship to create a function for volume in terms of one variable, is eligible for at most the chain
rule point. For example, r =2h — V = %72’(2]’1)2 h = %ﬂh3 — CZ—V =4 hz% earns only the

chain rule point.

lﬂ' cannot earn the third point but is eligible for the first

e A response that mishandles the constant 3

2 points.
e  The third point cannot be earned without both of the first 2 points.

. il—lt/ = %72’(100)(50)(—5) + %7[(100)2(—2) earns all 3 points.

e  Units are not required or read in this part.

Total for part (d) 3 points

Total for question 4 9 points

© 2022 College Board



