AP® Calculus BC 2022 Free-Response Questions
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6. The function f is defined by the power series f(x) = x —

real numbers x for which the series converges.

(a) Using the ratio test, find the interval of convergence of the power series for f. Justify your answer.
AL 1
2 2

(c) Write the first four nonzero terms and the general term for an infinite series that represents f’(x).

1
< —. Justify your answer.

b) Show that
(b) Show thal 10

1
(d) Use the result from part (c) to find the value of f ’[g]

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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AP® Calculus AB/BC 2022 Scoring Guidelines

Part B (BC): Graphing calculator not allowed
Question 6 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

3 5 7 20+l
The function f is defined by the power series f(x) = x — % + % - XT +ee ( ;)n f_ 1 + --- for all real
numbers x for which the series converges.
Model Solution Scoring

(a) Using the ratio test, find the interval of convergence of the power series for f. Justify your answer.

il 2643 2143 Sets up ratio 1 point
(D" x X p p
2n+3 — i 2043 | _ oo [\2 2n+1)‘: 2
nool  (~1)" x2nl nh—>ngo Pal nh—>n010 o (2n +3 ‘x ‘
2n +1 2n+1
‘ x2‘ <1 for |x| < 1. Identifies interior of 1 point
interval of
The series converges when —1 < x < 1. convergence
o 1 1 (_1)n+1 Considers both 1 point
When x = —1, the seriesis —1 + 373 +oeee P + e endpoints
The series is an alternating series whose terms decrease in absolute = Analysis and interval 1 point
value to 0. The series converges by the Alternating Series Test. of convergence
B . 1,1 (-1)"
When x =1, the seriesis 1 3+5+ +2n+1+ .

The series is an alternating series whose terms decrease in absolute
value to 0. The series converges by the Alternating Series Test.

Therefore, the interval of convergence is —1 < x < 1.
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Scoring notes:

2(n+1)+1 2n+3

A response that includes the substitution error of the form x =X appearing as

X2 2 22y setting up a ratio is eligible for the first 3 points but does not earn the

fourth point.

The first point is earned by presenting a correct ratio with or without absolute values.

To earn the second point a response must:

o use the absolute value of the ratio, or resolve the lack of absolute values by concluding x* < 1

(without any errors), and correctly evaluate the limit of the ratio, including correct limit
notation, and

o identify the interior of the interval of convergence. The response can use either interval notation
or the compound inequality —1 < x <1 (x| <1 is insufficient).

The only incorrect interval eligible for the third pointis 0 < x < 1. In this case, to earn the third
point, the response needs to evaluate the general term at x = 1.

Total for part (a) 4 points

(b)

1 1 1 .
Show that | f (5) ~5| <10 Justify your answer.
The series for f (%) is an alternating series whose terms decrease Uses second term 1 point
Justification 1 point
in absolute value to 0. The first term of the series for f (%) is %

Using the alternating series error bound, f (%) differs from % by

at most the absolute value of the second term of the series.

3)-2

113 1 1
(3] =L <L
<TZ 24 <10

Scoring notes:

The first point is earned by correctly using x = % in the second term (listing the second term as part

of a polynomial is insufficient). Using x = % in any term of degree five or higher does not earn this

point.
To earn the second point a response must:
o have earned the first point,

o state that the series is alternating and that its terms decrease to zero, and

o present the inequality Error < % < % (or the equivalent).

A response that states Error = 21—4 does not earn the second point.

Total for part (b) 2 points
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(¢)  Write the first four nonzero terms and the general term for an infinite series that represents f"(x).
f(x)=1- Pt o et (-1y" 204 First four terms 1 point
General term 1 point
Scoring notes:
e The first point is earned by presenting the first four nonzero terms in a list or as part of a polynomial
or series.
e The second point is earned by identifying the general term (either individually or as part of a
polynomial or series).
e Read “="as “~” as necessary.
Total for part (c) 2 points
(d)

Use the result from part (c) to find the value of f ’(%)

(1) _ 1 (1) (1)° Answer 1 point
f(6)_1_(6) +(6) _(6) L
1

f’(%) is a geometric series with a =1 and r = ~36

6) 1-r 1_( 1 ) 37 37
36
Scoring notes:
e The result from part (c) must be geometric in order to be eligible for this point.

e Ifaresponse imports an incorrect geometric series from part (c), this point is earned only for a
consistent answer.

Total for part (d) 1 point

Total for question 6 9 points
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