AP® Calculus AB 2021 Free-Response Questions

. Consider the function y = f(x) whose curve is given by the equation 2y2 — 6 =ysinx fory > 0.

dy Yy COos X
(a) Show that — = ——.
dx 4y —sinx

(b) Write an equation for the line tangent to the curve at the point (0, V3 ).

(¢) For 0 < x <7 and y > 0, find the coordinates of the point where the line tangent to the curve is
horizontal.

(d) Determine whether f has a relative minimum, a relative maximum, or neither at the point found in
part (c). Justify your answer.

Write your responses to this question only on the designated pages in the separate Free Response

booklet. Write your solution to each part in the space provided for that part.
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AP® Calculus AB 2021 Free-Response Questions

6. A medication is administered to a patient. The amount, in milligrams, of the medication in the patient at

d 12 —
time ¢ hours is modeled by a function y = A(t) that satisfies the differential equation d_)t) = Ty At time

t = 0 hours, there are 0 milligrams of the medication in the patient.

(a) A portion of the slope field for the differential equation % = 12—y is given below. Sketch the solution
curve through the point (0, 0).
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(b) Using correct units, interpret the statement lim A(¢) = 12 in the context of this problem.
t—>0

(c) Use separation of variables to find y = A(¢), the particular solution to the differential equation
dy 12—y
d 3

with initial condition A(0) = 0.
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AP® Calculus AB/BC 2021 Scoring Guidelines

Part B (AB): Graphing calculator not allowed
Question 5 9 points

General Scoring Notes

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Scoring guidelines and notes contain examples of the most common approaches seen in student responses.
These guidelines can be applied to alternate approaches to ensure that these alternate approaches are scored
appropriately.

Consider the function y = f(x) whose curve is given by the equation 2 y? —6 = ysinx for y > 0.

Model Solution Scoring

(a) Show that dy _ _Jyeosx
dx 4y -—sinx

d dy Implicit differentiation 1 point

(2 _6) =D (ysi Y _dgy
dx(2y 6)—dx(ysmx):>4ydx—dxsmx+ycosx

dy dy Verification 1 point
dx  dx
dy  ycosx

dx 4 y —sin x

= 4y sinxzycosx:>%(4y—sinx)=ycosx

Scoring notes:
e The first point is earned only for correctly implicitly differentiating 2 y2 — 6 = ysin x. Responses

. . d
may use alternative notations for d—i, suchas y'.

e The second point may not be earned without the first point.

e [t is sufficient to present %(4 y —sinx) = ycos x to earn the second point, provided that there are

no subsequent C€ITOorS.

Total for part (a) 2 points
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(b)  Write an equation for the line tangent to the curve at the point (0, v3).

dy _ 3cos0 1 Answer 1 point

At the point (0, x/§), B AB —sn0 "%

An equation for the tangent line is y = V3 + %x.

Scoring notes:

e Any correct tangent line equation will earn the point. No supporting work is required. Simplification
of the slope value is not required.

Total for part (b) 1 point

(©)

For 0 < x < 7 and y > 0, find the coordinates of the point where the line tangent to the curve is

horizontal.
dy  ycosx _ o dy 1 point
D 4y—sinx_0 = ycosx=0and 4y —sinx # 0 Sets i =0
Vs T 1 point
ycosx=0andy>0:x:7 x=Z
. . =2 i
Whenx:%, ySlHX=2y2—6:>ysm%:2y2—6 Y 1 point

= y=2y"-6=2y"-y-6=0

= 2y+3)(y-2)=0= y=2

When x = % and y =2, 4y —sinx = 8 — 1 # 0. Therefore, the
line tangent to the curve is horizontal at the point (%, 2).

Scoring notes:

e The first point is earned by any of d—i =0, LY _ 0, ycosx =0, or cosx = 0.

d. > 4y —sinx
e [fadditional “correct” x-values are considered outside of the given domain, the response must

z
2
not considered for the second point.

commit to only x = = to earn the second point. Any presented y -values, correct or incorrect, are

z
2
third point. The third point is earned for finding y = 2. The coordinates do not have to be presented

e Entering with x = =~ does not earn the first point, earns the second point, and is eligible for the
as an ordered pair.

e The third point is not earned with additional points present unless the response commits to the
correct point.

Total for part (c) 3 points
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(d) Determine whether f* has a relative minimum, a relative maximum, or neither at the point found in

part (c). Justify your answer.

2 .

2 (4y —sinx) Qcosx—ysinx —(ycosx)|4 ——cosx Considers d”y 1 point
°y - & dx?
dx’ (4y —sin x)

2 .
When x =Z and y =2, dyat(i 2) 1 point
2 dx? 2’
. T T
dzy _ (4 -2 —sin E)(O cos— — 2-sin —) (2005 —)(4 0 — cos 5)
2
& (4 2 —sin 1)
2
_ (DD -0©) _=2
(7)° 7
/ has arelative maximum at the point (l, 2) because @ _ 0 Ansiwer ‘_Nlth 1 point
2 dx justification
2
and d—;j < 0.
dx
Scoring notes:
2
e The first point is earned for an attempt to use the quotient rule (or product rule) to find —Z ;j .
X
. . dzy ) d2y
e The second point is earned for correctly finding e and evaluating to find that 2 <0 at
X X

(%, 2). The explicit value of —% or the equivalent does not need to be reported, but any reported

values must be correct in order to earn this point.
e The third point can be earned without the second point by reaching a consistent conclusion based on
2 dy

the reported sign of a nonzero value of d—; obtained utilizing i 0.

dx
e Imports: A response is eligible to earn all 3 points in part (d) with a point of the form (%, k) with

k > 0, imported from part (c).
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Alternate Solution for part (d)

For the function y = f(x) near the point (%, 2), 4y —sinx >0

and y > 0.
dy  ycosx
Thus, dx 4y —sinx
i Z
>

By the First Derivative Test, f* has a relative maximum at the

point (%, 2).

Scoring notes:

changes from positive to negative at

Scoring for Alternate Solution

Considers sign of 1 point
4y —sin x

dy 1 point

dx
positive to negative at

changes from

4
X ==

2

Conclusion 1 point

e The first point for considering the sign of 4y — sin x may also be earned by stating that 4y — sin x

is not equal to zero.

e The second and third points can be earned without the first point.

. d .. .
e To earn the second point a response must state that —i (or cos x) changes from positive to negative

4
at x = —.
2

e The third point cannot be earned without the second point.

e A response that concludes there is a minimum at this point does not earn the third point.

Total for part (d) 3 points

Total for question 5 9 points
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