AP® Calculus AB 2022 Free-Response Questions
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5. Consider the differential equation T =5 sm(ax) Jy+7.Lety=f(x) be the particular solution to the

differential equation with the initial condition f(1) = 2. The function f is defined for all real numbers.

(a) A portion of the slope field for the differential equation is given below. Sketch the solution curve through

the point (1, 2).
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(b) Write an equation for the line tangent to the solution curve in part (a) at the point (1, 2). Use the equation
to approximate f(0.8).

(c) Itis known that f”(x) > 0 for —1 < x < 1. Is the approximation found in part (b) an overestimate or an
underestimate for f(0.8) ? Give a reason for your answer.

(d) Use separation of variables to find y = f(x), the particular solution to the differential equation

5 sin(%x)q/y + 7 with the initial condition f(1) = 2.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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6. Particle P moves along the x-axis such that, for time ¢ > 0, its position is given by xp(#) = 6 — 4e ",

1
Particle O moves along the y-axis such that, for time ¢ > 0, its velocity is given by vQ(t) = —.Attime 7 = 1,
t

the position of particle Q is yQ(l) =2.
(a) Find vp(?), the velocity of particle P at time .

(b) Find aQ(t), the acceleration of particle Q at time ¢. Find all times ¢, for ¢+ > 0, when the speed of
particle Q is decreasing. Justify your answer.

(c) Find yQ(t), the position of particle Q at time ¢.

(d) Ast — oo, which particle will eventually be farther from the origin? Give a reason for your answer.

Write your responses to this question only on the designated pages in the separate Free Response
booklet. Write your solution to each part in the space provided for that part.
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AP® Calculus AB/BC 2022 Scoring Guidelines

Part B (AB): Graphing calculator not allowed
Question 5 9 points

General Scoring Notes
The model solution is presented using standard mathematical notation.

Answers (numeric or algebraic) need not be simplified. Answers given as a decimal approximation should be
correct to three places after the decimal point. Within each individual free-response question, at most one
point is not earned for inappropriate rounding.

Consider the differential equation % = %sin(%x)ql v+ 7. Let y = f(x) be the particular solution to the

differential equation with the initial condition f(1) = 2. The function f is defined for all real numbers.

Model Solution Scoring

(a) A portion of the slope field for the differential equation is given below. Sketch the solution curve
through the point (1, 2).
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Scoring notes:

e The solution curve must pass through the point (1, 2), extend reasonably close to the left and right
edges of the square and have no obvious conflicts with the given slope lines.

e Only portions of the solution curve within the given slope field are considered.

e The solution curve must indicate f(x) > 0 for all points on the curve.

e All local maximum/minimum points on the solution curve must occur at horizontal line segments in
the slope field.

Total for part (a) 1 point
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(d) Use separation of variables to find y = f(x), the particular solution to the differential equation

Y _ lsin(%x)w/y + 7 with the initial condition /(1) = 2.

dx 2
dy 1. (7; ) Separation of 1 point
= | =sin|=x |dx .
Vy+7 2 2 variables

2T = —lcos(lx) L C On.e co.rrec.t 1 point

T 2 antiderivative
The other correct 1 point

antiderivative
Constant of 1 point

f)=2=22+7 = —%cos(%-l) +C

-~ 6 = —%cos (%) +C=>C=6 initial condition

integration and uses

3L os(ZE
Jy+7=3 2”cos(zx)

b (3 ~ Lcos(ﬁx))z _7 Solves for y 1 point
B 2 2

Scoring notes:
e A response with no separation of variables earns 0 out of 5 points.
e A response with no constant of integration can earn at most the first 3 points.

e A response is eligible for the fourth point only if it has earned the first point and at least 1 of the 2
antiderivative points.

o Special case: The incorrect separation of \/y + 7 dy = %sin(zx) dx does not earn the first

2
point, is only eligible for the antiderivative point for —%cos(%x), and is eligible for the fourth

point.

e An cligible response earns the fourth point by correctly including the constant of integration in an
equation and substituting 1 for x and 2 for y.

e A response is eligible for the fifth point only if it has earned the first 4 points.

Total for part (d) 5 points

Total for question 5 9 points
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