2011 AP® STATISTICS FREE-RESPONSE QUESTIONS

STATISTICS
SECTION II
Part B
Question 6
Spend about 25 minutes on this part of the exam.
Percent of Section II score—25

Directions: Show all your work. Indicate clearly the methods you use, because you will be scored on the
correctness of your methods as well as on the accuracy and completeness of your results and explanations.

6. Every year, each student in a nationally representative sample is given tests in various subjects. Recently, a
random sample of 9,600 twelfth-grade students from the United States were administered a multiple-choice
United States history exam. One of the multiple-choice questions is below. (The correct answer is C.)

In 1935 and 1936 the Supreme Court declared that important parts of the New Deal were unconstitutional.
President Roosevelt responded by threatening to

(A) impeach several Supreme Court justices

(B) eliminate the Supreme Court

(C) appoint additional Supreme Court justices who shared his views

(D) override the Supreme Court's decisions by gaining three-fourths majorities in both houses of
Congress

Of the 9,600 students, 28 percent answered the multiple-choice question correctly.

(a) Let p be the proportion of all United States twelfth-grade students who would answer the question
correctly. Construct and interpret a 99 percent confidence interval for p.

Assume that students who actually know the correct answer have a 100 percent chance of answering the question
correctly, and students who do not know the correct answer to the question guess completely at random from
among the four options.

Let k represent the proportion of all United States twelfth-grade students who actually know the correct answer
to the question.
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(b) A tree diagram of the possible outcomes for a randomly selected twelfth-grade student is provided below.

Write the correct probability in each of the five empty boxes. Some of the probabilities may be expressions
in terms of k.

TREE DIAGRAM OF OUTCOMES FOR A
RANDOMLY SELECTED TWELFTH-GRADE STUDENT
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(c) Based on the completed tree diagram, express the probability, in terms of k, that a randomly selected

twelfth-grade student would correctly answer the history question.

(d) Using your interval from part (a) and your answer to part (¢), calculate and interpret a 99 percent confidence
interval for k, the proportion of all United States twelfth-grade students who actually know the answer to the

history question. You may assume that the conditions for inference for the confidence interval have been
checked and verified.

STOP

END OF EXAM
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Probability
Table entry for z is the
probability lying below z.
Table A (Continued)

4 .00 .01 .02 .03 .04 .05 .06 .07 .08 .09
0.0 .5000 .5040 .5080 5120 5160 5199 .5239 5279 5319 5359
0.1 .5398 .5438 .5478 5517 .5557 .5596 .5636 5675 5714 5753
0.2 .5793 .5832 5871 .5910 .5948 .5987 .6026 .6064 .6103 .6141
0.3 6179 6217 .6255 .6293 .6331 .6368 .6406 .6443 .6480 6517
0.4 .6554 .6591 .6628 .6664 .6700 .6736 .6772 .6808 .6844 .6879
0.5 .6915 .6950 .6985 7019 .7054 7088 7123 157 7190 7224
0.6 71257 7291 7324 7357 7389 7422 7454 .7486 7517 7549
0.7 7580 7611 7642 7673 7704 1734 7764 7794 7823 7852
0.8 7881 7910 .7939 7967 .7995 .8023 .8051 .8078 .8106 .8133
0.9 .8159 8186 8212 .8238 .8264 .8289 8315 .8340 .8365 .8389
1.0 .8413 .8438 .8461 .8485 .8508 .8531 .8554 .8577 8599 8621
1.1 .8643 .8665 .8686 .8708 .8729 .8749 .8770 .8790 .8810  .8830
1.2 .8849 .8869 .8888 .8907 .8925 .8944 .8962 .8980 .8997 9015
1.3 9032 .9049 .9066 .9082 .9099 9115 9131 9147 9162 9177
1.4 9192 9207 9222 9236 9251 9265 9279 .9292 9306 9319
1.5 .9332 .9345 9357 .9370 .9382 .9394 .9406 9418 9429 9441
1.6 .9452 .9463 .9474 .9484 .9495 .9505 9515 .9525 9535 9545
1.7 9554 9564 9573 9582 9591 9599 9608 9616 9625 9633
1.8 9641 .9649 .9656 .9664 9671 9678 .9686 .9693 9699 9706
1.9 9713 9719 9726 9732 9738 9744 9750 9756 9761 9767
2.0 9772 9778 9783 .9788 .9793 9798 .9803 .9808 9812 9817
2.1 9821 9826 9830 9834 9838 9842 9846 .9850 9854 9857
2.2 .9861 9864 .9868 9871 .9875 9878 9881 .9884 9887  .9890
23 .9893 9896 .9898 9901 .9904 .9906 .9909 9911 9913 9916
2.4 9918 .9920 .9922 .9925 9927 .9929 .9931 9932 9934 9936
2.5 9938 .9940 9941 .9943 .9945 9946 9948 .9949 9951 9952
2.6 .9953 .9955 .9956 .9957 .9959 .9960 .9961 .9962 9963 9964
2.7 9965 9966 9967 9968 .9969 9970 9971 9972 9973 9974
2.8 9974 9975 9976 9977 9977 9978 9979 9979 9980 9981
2.9 .9981 .9982 .9982 .9983 .9984 .9984 .9985 .9985 9986 .9986
3.0 .9987 9987 9987 9988 9988 9989 9989 .9989 9990 .9990
3.1 .9990 9991 .9991 .9991 .9992 .9992 .9992 .9992 9993 .9993
32 .9993 9993 9994 9994 .9994 9994 9994 .9995 9995 .9995
33 .9995 .9995 .9995 .9996 .9996 9996 .9996 .9996 9996 .9997
34 .9997 9997 9997 9997 .9997 9997 9997 .9997 9997 9998
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Question 6

Intent of Question

The primary goals of this question were to assess students’ ability to (1) construct and interpret a
confidence interval for a population proportion; (2) create a probability tree to represent a particular
random process; (3) use a probability tree to calculate a probability; and (4) integrate provided information
to create a confidence interval for an atypical parameter.

Solution
Part (a):

The appropriate inference procedure is a one-sample z-interval for a population proportion p, where p
is the proportion of all United States twelfth-grade students who would answer the question correctly.

The conditions for this inference procedure are satisfied because:
1. The question states that the students are a random sample from the population, and

2. nxp=9600x0.28=2,688 and nx(1-p)=9,600x0.72=6,912 are both much larger
than 10.

A 99 percent confidence interval for the population proportion p is constructed as follows:

(1-p) 0.28(0.72)
———=0.2842576,| ———*
n 9,600

=0.28£0.012
—(0.268,0.292)

We are 99 percent confident that the interval from 0.268 to 0.292 contains the population proportion of
all United States twelfth-grade students who would answer this question correctly.

Part (b):

The five probabilities to be filled in the boxes are shown below.

Conditional Conditional
Probability = Guesses at Probability =
random
0.25 Answers and 025x(1-k)
answers
Conditippal correctly correctly
Probability = Guesses at
-k random Conditional
Conditional Answers Gr‘;?fiﬁfnat Probability =
PrObablhty = inCOITeCﬂy and 075 x (1 _ k)
0.75 answers
’ incorrectly
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Question 6 (continued)

Part (c):

P(answers correctly) =
P(knows correct answer and answers correctly) + P(guesses at random and answers correctly) =
3k+1

k+0.25x(1- k), which simplifies to 0.25+0.75k, or

Part (d):

We want to estimate k, the proportion of all United States twelfth-grade students who actually know
the answer to the history question.

From part (c) the probability that a randomly selected student correctly answers the question is
0.25+0.75k. From part (a) we are 99 percent confident that this probability is between 0.268 and
0.292. Thus the endpoints for a confidence interval for k can be found by equating the expression
0.25+0.75k from part (c) to the endpoints of the interval from part (a) as follows:

0.25+0.75k =0.268 0.25+0.75k =0.292
k=0.024 k=0.056

We are 99 percent confident that the interval from 0.024 to 0.056 contains the proportion of all United
States twelfth-grade students who actually know the answer to the history question.

Scoring

This question is scored in four sections. Sections 1 and 2 are based on part (a), section 3 consists of parts

(b) and (c) and section 4 consists of part (d). Each section is scored as essentially correct (E), partially
correct (P) or incorrect (I).

Section 1 is scored as follows:

Essentially correct (E) if the response correctly includes the following three components:
1. Identifies the correct inference procedure.
2. Checks the randomness condition.
3. Checks the large sample size condition.

Partially correct (P) if the response correctly includes exactly two of the three components listed above.
Incorrect (1) if the response fails to meet the criteria for E or P.

Notes
e The identification of the procedure must include “z,” “proportion,” and “interval.”

e Stating the correct formula for a confidence interval for a proportion is sufficient for the first
component.

e “Random sample given” is sufficient for the second component.
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Question 6 (continued)

e To satisfy the third component, the response:
o Must check both the number of successes and the number of failures.
o Must use a reasonable criterion (for example, =5 or >10).
o Must provide numerical evidence (for example, 2,688 >10 and 6,912>10, or 9,600x0.28>10
and 9,600x0.72>10).

e Any statement of hypotheses, definitions of parameters, statements of populations, etc. should be
considered extraneous. However, if such statements are included and incorrect, this should be
considered poor communication in terms of holistic scoring.

e Any checks of reasonable conditions, such as independence of observations, sample size less than
10 percent of population size, 9,600 > 30, etc. should be considered extraneous. However, if a
response includes an incorrect condition, such as population normality, reduce the score in section
1fromEtoPorfromPtol

e Any reference to the central limit theorem should be treated as extraneous and not sufficient for
the large sample size condition.

Section 2 is scored as follows:

Essentially correct (E) if the response correctly includes the following two components:
1. Calculates the interval.
2. Interprets the interval, including a confidence statement and correct parameter, in context.

Notes

e The critical value for the confidence interval must be for 99 percent confidence.

e If the response includes an incorrect formula or has incorrect values substituted into the formula,
then the response does not earn credit for the calculation component, even if the final interval is
correct.

e A response that makes minor arithmetic mistakes in the calculation of the interval is considered
correct, as long as the resulting interval is reasonable.

e A correct interval that is stated only in the interpretation is considered sufficient for the first
component.

e To identify the parameter, the response must refer to the proportion “who would answer the
question correctly” or include a modifier for the proportion such as “population” or “true.” An
interpretation about the sample proportion (for example, “the proportion of students who answered
correctly”) is not sufficient for the second component.

e If the response provides only an interpretation of the confidence level instead of the confidence
interval, the second component is considered incorrect. If an interpretation of the confidence level
is given along with an interpretation of the confidence interval, both must be correct to be
considered sufficient.

e A correct interpretation with an incorrect interval is sufficient for the second component.

Partially correct (P) if the response correctly includes exactly one of the two components.

Incorrect (1) if the response fails to meet the criteria for E or P.
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Question 6 (continued)

Section 3 is scored as follows:

Essentially correct (E) if the response correctly includes the following two components:

1. In part (b) completes the tree diagram in terms of k.
2. In part (c) adds the correct results from the tree diagram.

Notes

If a response states “not k” or “ k©” in the first box, the first component is considered incorrect.

If the response to part (b) is incorrect, then part (c) is considered correct if the response is
consistent with the response from part (b) or if the response to part (c) is correct.

The response to part (c) does not need to show a simplified expression.

The response to part (c) can be expressed as a fraction with the sum of the four branches in the
denominator.

A response to part (c) that adds the appropriate probabilities from the tree but has an error in the
simplification of the sum is still considered correct.

If the response to part (c) is expressed as P(O.25 +O.75k) or equivalent, the second component is
considered incorrect.

If the tree diagram includes numbers only, adding the appropriate values is sufficient for the
second component, provided that the sum is between 0 and 1.

Partially correct (P) if the response correctly includes exactly one of the two components.

Incorrect (1) if the response fails to meet the criteria for E or P.

Section 4 is scored as follows:

Essentially correct (E) if the response correctly includes the following three components:

1. Equates the expression from part (c) to a numerical estimate from part (a).

2. Uses the endpoints from part (a) to calculate a reasonable interval.

3. Interprets the resulting interval, including a confidence statement and correct parameter, in
context.

Partially correct (P) if the response correctly includes exactly two of the three components.

Incorrect (I) if the response fails to meet the criteria for E or P.

Notes

Using the point estimate p =0.28 from part (a) or the endpoints of the interval (0.268, 0.292) from

part (a) is sufficient for the first component.

A response that makes minor arithmetic mistakes in the calculation of the interval is considered
correct, as long as the resulting interval is reasonable.

For the third component, the parameter must be the proportion of students who actually know the
answer to the history question.

A response that creates a correct interval using linear transformations (of the point estimate and
standard error/margin of error) is equivalent to transforming the endpoints and therefore is
sufficient for the first two components.
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Question 6 (continued)

Each essentially correct (E) section counts as 1 point. Each partially correct (P) section counts as % point.

4 Complete Response

3 Substantial Response
2 Developing Response
1 Minimal Response

If a response is between two scores (for example, 2% points), use a holistic approach to decide whether to
score up or down, depending on the overall strength of the response and communication, particularly in
parts (a) and (d). However, a response that earns a P or an I in section 4 cannot receive a score of 4.
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