A-Level Mathematics Examination Review

Capybara

Questions and Solutions

Question 1
Solve the equation

Solution

To clear the denominator, we multiply the entire equation by a2 (assuming x # 0):
3z —822-16=0

This is a quadratic in terms of 2. Let u = #2. Substituting this into the equation gives:
3u? —8u—16=0

We can factorize this quadratic by finding two numbers that multiply to 3 x (—16) = —48
and add to —8. These numbers are —12 and 4.

3u® —12u+4u—16=0
Ju(u—4)+4(u—4) =0
(Bu+4)(u—4)=0

This gives u = —4 or u = 4. Since u = 22 and = must be a real number, 22 > 0. We reject

u= —% Thus, 2 = 4, which vields: » = +2

Question 2
In the diagram, the graph with equation y = f(z) is shown with solid lines and the graph with
equation y = g(x) is shown with broken lines.
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(a) Describe fully a sequence of transformations which transforms the graph of y = f(x) to the
graph of y = g(z). You should make clear the order in which the transformations are applied.
[5]

Solution

Let’s analyze the key vertices of both graphs. The vertices of y = f(x) are (0, —10), (2, —4),
and (4, —6). The corresponding vertices of y = g(z) are (1,0), (3,3), and (5,2).
Comparing the z-coordinates: 0 — 1. 2 — 3. 4 — 5. This is a consistent shift of +1 in the
a-direction. Comparing the y-coordinates: —10 — 0, —4 — 3, —6 — 2. We seek a linear
relationship 3’ = ay + e¢. Using the first two points: —10a + ¢ =0 —4a + ¢ = 3 Subtracting
the first from the second gives 6a = 3 = a = % Substituting a back yields ¢ = 5. So, the
transformation is y' = %y + 9.

The sequence of transformations (order matters) can be stated as: 1. A vertical stretch
parallel to the y-axis with a scale factor of f,

2. A translation by the vector {_.lr Je

- J

(b) Find an expression for g(x) in the form af(x + b) + ¢, where a, b and ¢ are constants.  [2]

Based on the transformations identified in part (a), a translation of +1 in the z-direction
corresponds to f(x — 1). The vertical stretch by % and translation of +5 applies to the
entire funection, vielding %f (z — 1) + 5. Comparing this to af(z + b) + ¢, we have a = ZL

b=-1,and e=5. glz) = l)fta —1)+5

28]



Question 3
The perpendicular bisector of the line joining (4,3) and (—2,6) meets the line z — 4y —4 = 0
at the point P. Find the coordinates of P. 6]

Solution

First, find the midpoint M of the segment connecting (4,3) and (-2, 6):

M — (4+;‘(2—2).3 6):<1%)

Next, determine the gradient m; of the line segment:

B =

17 = = e

1
—2—-4 -6 2
The gradient ms of the perpendicular bisector is the negative reciprocal of my:

1
my=——=2
my
Using the point-slope form, the equation of the perpendicular bisector passing through M
1s:

9 .
5= 2(x—1)

2y —9=4r—4 = 4 —-2y+5=0

We need to find the intersection of this bisector with the line z —4dy—4 =0 = x =4y+4.
Substitute x into the bisector’s equation:

A4y +4) —2y+5=0

16y+16 -2y +5=0 = M4y+21=0 = y = —g
Substitute y = —%’ back into x = 4y + 4:
3
;rrzéi(-—_;) +4=-6+4=-2
Thus, the coordinates of P are: P(—2, —1.5)

Question 4
(a) (i) Find the first three terms, in ascending powers of x, in the expansion of (3 — %‘c)'l. 2]

Solution

Using the binomial theorem:

e A B S S A
(3 — E;r!)l = (0)31 - (1>35 (—EI) - (2)3 (—im) +...
= 1(81) + 4(27) (—éa) +6(9) GR)




(ii) Find the first three terms, in ascending powers of x, in the expansion of (2 + ax)3.
vour answer in terms of the constant a. 2]

Solution

Similarly, applying the binomial theorem:

(2 +az)® = (3) e - ('13) 2%(az)! + G) 2 az)? + ...

= 1(8) + 3(4)(ax) + 3(2)[(}2.1"2}

Give

= [ R I
= 0+ l_)_rJ.t' -+ Ga“x*

- -’

(b) It is now given that the coefficient of 22 in the expansion of (3 — 12)*(2 + ax)? is -108. Find

the value of a. [“l]

Solution

We multiply the expansions from part (a):
2 4 s
81 — hdax + = (8 + 12ax 4 6a’x )
We only care about the terms that produce x?:

(81)(6a%2?) + (—54x)(12az) + (%7__1_2) ()

= 486a%z® — 648aa® + 1082
The coefficient of a2 is 486a% — 648a + 108. We are given that this is equal to —108:
486a* — 648a + 108 = —108

486a% — 648a + 216 =0

Dividing the entire equation by 54:
9a%® —12a+4=0
This is a perfect square trinomial:

(3a—2)2=0 = 3a—-2=0

r
e

Question 5

The equation of a curve is such that ;E—g = 6a? + p where p is a constant. The curve has
minimum points at (2, 3) and (—2,3). Find the coordinates of the other stationary point of the
curve. (7]



Solution

Since (2, 3) and (—2, 3) are minimum ponns they are stationary points, meamng, =0at
= = : d
=2 and » = —2. First, let’s integrate m*f to find Erf :

1 i
il /(G.x‘z +p)de = i +pr+C

dx
Applying the condition % =0atz=2:
228 +p(2)+C=0 = 16+ 2p+C =0 (Equation 1)
Applving the t‘(mdltum =0atx=—2:
2(-2° +p(-2)+C =0 — —16—2p+C =0 (Equation 2)

Adding Equation 1 and Equation 2 vields 2C =0 = C = 0. Substitute C = 0 into
Equation 1: 16+ 2p=0 = p= -8. ‘:0 = 223 — 8a.
To find the other stationary point, set 5 d;x: = ().

203 —8x =0 — ‘23'(3'2 —4)=0 = =0, orz=+2.
The other stationary point occurs at & = 0. Now, integrate to find y:
3 1 4 9 -
y= | (2z° —8z)dx = 5 = da* 4+ K
We know the curve passes through (2, 3). Substitute 2 = 2 and y = 3:
——(16} 44)+ K = 3=8-16+K = K=11

The equation of the curve is y = 1 x* — 42?2 + 11. At 2 =0, y = 11. The coordinates of
the other stationary point are { L0 Y

Question 6
Solve the equation cos™!(sin’z + 2 qm 2)=2nfor 0 <z < 2r 4]

(] |



Solution

Taking the cosine of both sides gives:

sin?z 4+ # Sl = COS g?r

Since cos (%‘h‘) = —1 we have:

sinz 4+ —sinx = —

2
Multiply by 2 to clear the fraction:
2sin’z + 3sinz+1=0

Let S = sinz. The quadratic is 252 + 35 + 1 = 0, which factors as:

(2S+1)(S+1)=0

So, sinx = —QL- or sinz = —1. For sinz = _:1! in the interval 0 <z < 2m: z =7+ & = F
andz=2r— ¢ = 151—)‘ For sinz = —1 in the interval 0 < o < 2m: z = % &=, 5, ‘—F
% A

Question 7
(a) The second. fourth and last terms of an arithmetic progression are 60, 52 and -28 respectively.
Find the sum of all of the terms in the progression. [4]

Solution

Let a be the first term and d be the common difference. wy = a +d = 60 uy = a + 3d = 52
Subtracting the first equation from the second gives: 2d = —8 = d = —4. Substitute d
back to find a: @ —4 =60 = a = 64. The last term is given by u, =a+ (n—1)d = —28.
64+ (n—1)(-4)=-28 = —-4(n—-1)=-92 = n—-1=23 = n =24. The sum of
an arithmetic progression is Sy, = 4 (a + 1), where [ is the last term.

24
Sa1 = T (64+ (~28)) = 12(36) = 432

\ 4

(b) The second, third and fourth terms of a geometric progression are 9, k+4 and k2 respectively,
where k is a negative constant.,
(i) Find the value of k. (3]

6



Solution

In a geometric progression, the common ratio r is constant:
(=2 .

U3 4 k+4 k2
P= —= — =

us U3 9 k+4

Cross-multiplyving vields:
(k+4)2 =9%* — K%+ 8k + 16 = 9k?
8k —8k—16=0 = k* —k—-2=0
Factoring this quadratie:

(k—2)(k+1)=0 = k=2o0r k= -1

Since we are given that & is a negative constant, we reject k = 2. k = —1
L "
(ii) Find the sum to infinity of the progression. [3]
Solution
e sy ; ey e o= o s cide T — T
Using k = —1, the common ratio is r = —— = 5 = 3. The second term is ar = 9 =

a_.
_I“

a (13) =9 = a=27. The sum to infinity is given by Sx = ;

-
L

Question 8
A diameter of a cirele has end-points at (—2,4) and (8, 8).
(a) Find an equation of the circle. 3

The center of the circle €' is the midpoint of the diameter:

—248 448 .

The radius squared (r?) is the squared distance from the center to one of the endpoints.
sav (8, 8):

—_

r2=(8-3)2+(8-6)2=524+22=951+4=29

The equation of the circle is (z — a)g + (y — b]z =r2 (x—3)2 + (y —6)2 =29

-

J

(b) The line with equation y = x + 6 intersects the cirele at the points P and @). Find the exact
distance PQ. Give your answer in the form av/b, where a and b are both integers greater than

[4]

—



Solution

Substitute the line equation y = x + 6 into the circle’s equation to find the points of
intersection:
(x—3)2+ (z+6—6)> =29

(x—3)%+2° =29
a? —6r+94+22=29 — 22— 62-20=0
Divide by 2 to simplify:
2 —3z-10=0 — (z—5)(x+2)=0

This vields x = 5 or & = —2. Substitute these & values back into y = & 4+ 6: When x = 5,

y=11 = P(5,11) When 2 = -2, y =4 = Q(-2,4) The distance PQ is:
PQ=\(—2-52+(4—-112=/(-7)2+ (-7)2= VA9 + 49 = /08
Simplifving the surd: 08 = /49 x 2 = 7v/2. Here a = 7 and b = 2, both integers greater

than 1. PQ = V2
. S

Question 9
The diagram shows the curve with equation y = 3v/2x + 1 the normal to the curve at the point
R(4,9) and the line y = a. where a is a positive constant.

Y
N

R(4,9)

O

(a) Find the area of the shaded region. 4]



Solution

The shaded area is bounded by the curve, the x-axis, the yv-axis (x = 0), and the line r = 4.
4 4 )
Area = / 3IV2r + 1de = / 3(2z + 1)”‘2 dx
Jo Jo
We can use substitution or direct integration. Let u = 2x + 1, then du = 2dz, or do = 9’_;—'
The limits change from x =0 wu =1, and c =4 = u = 9.
9 1pdu 3 9 1/2 3 | ud/? ? 3919
Area :/1 3ul/ > = 5 [ ul/? duy = 5 372 = ['u.j ]E
=932 _ 132 (92 —-1=33-1=27-1=26
Area = 26
| A

(b) Find the exact value of a for which the triangular area enclosed by the y-axis. the normal
to the curve at R and the line y = a is equal to the area found in 9(a). [7]

dy,

First, we find the equation of the normal to the curve at R(4,9). The derivative is 52

3 é (2z+1)"1/2.2 = »‘72—_?-+=[ At x = 4, the gradient of the tangent is my = ﬁ = % =

The gradient of the normal is m, = —-% = —1. Using point-slope form, the equation of
the normal line at (4,9) is:

=l

y—9=-1z—-4) = y=—-—x+13

The triangle in question is bounded by the y-axis (z = 0), the normal line (y = —2x+13), and
the horizontal line y = a. The normal line intersects the y-axis at (0,13). The horizontal
line y = a intersects the y-axis at (0,a). The intersection of the normal line and y = a is:
a=—2+13 = @ = 13 —a. The vertices of the triangle are (0,13), (0,a), and (13 —a, a).
This forms a right-angled triangle with a vertical height of |13 — a

of |13 —a.

and a horizontal base

(13 — r:)?

b | =

1 3
Area = 5 x base x height =

@

We are given that this area equals the area from part

—_

a), which is 26:

%(13_ﬁ)2=20 - (1;3—.':.)2:52 = 13— qg=+5 =i2\/1_3

a = 13 £ 2/13. Based on the diagram, the intersection of y = a and the normal lies in the
first quadrant, meaning x = 13 —a > 0 = a < 13. Therefore, we reject the positive root.
a=13-2/13

Question 10
A function f is defined by f(x) = pa* — 22+ p + 4 for 2 € R, where p is a constant.
(a) Find the exact values of p for which the equation f(x) = 0 has repeated roots. 3]



For a quadratic equation ax? + bz + ¢ = 0 to have repeated roots, the discriminant A =
b* — 4ac must equal 0. Here, a = p.b=-2 ande=p+4.

A=(-27-4(p)p+4) =0

4—4p> —16p=0
Dividing by -4 vields:
p?+4p—1=0

Using the quadratic formula to solve for p:

—4+ /16 —4(1)(-1) —4++/20 —4+25 -
p= 5 = 5 = 5 =24

|
H
<

\ S

A function g is defined by g(x) = px? — 22+ p+4 for > a where p and a are positive constants.

(b) (i) Show that the least value of a for which the function g=! exists is 1 2]

P

For the inverse function g~! to exist, g(«) must be a one-to-one function. Since g(z) is a
quadratic function opening upwards (p is a positive constant), it represents a parabola. To
be one-to-one, its domain must be restricted to one side of the vertex. The z-coordinate of
the vertex of y = pa? — 2z + p + 4 is found where ¢'(z) = 0:

1
gdlay=2pr—2=0 = 2p5 =2 = @'=~—
p

For & > a, the function will be strictly increasing (and thus one-to-one) if a starts at or

after the vertex. Therefore, the least possible value for the domain restriction a is the
z-coordinate of the vertex. Least value of a = ;l (Shown)

e -

(i) Given that p =2 and ¢! does exist, find an expression for ¢~ (z). [4]

10



Solution

Substitute p = 2 into the function: g(x) = 22? — 2z + 6. From part (b)(i), we know the
domain is restricted to = > ;1! To find the inverse, let y = 22% — 2z + 6 and complete the

square for z: .
Yo S 1A ey =
y=2a" —2)+6=2(z—-5) -2(7)+6

Now, isolate x:

I ova=1
2 = 2
Since the domain is restricted to & = é we take the positive root to ensure x — % =0

1 y—11 142y—1T1
2 2 . 2

o

11



